A simpli ed proof is given for the following result due to L. Lisovik: It is undecidable for two given " free nite substitutions, whether they are equivalent on the regular language bf0; 1g c.
Introduction
We give a simpli ed proof for the result due to L. Lisovik 4] . We also present an undecidability result considering whether a periodic morphism is included in nite substitution on regular language.
Let and be two nite alphabets and denote by " the empty word.
A mapping ' : ! 2 , where 2 denotes the power set of , is called substitution if
1. '(") = f"g and 2. '(xy) = '(x)'(y) for all x and y in . These conditions mean that a substitution is a monoid morphism from into 2 . A substitution ' is called " free if " = 2 '(a) for all a 2 , and nite if, for all a 2 , the set '(a) is a nite subset of .
Let L be a language. Two substitutions '; :
! 2 are equivalent on L if for all w 2 L, '(w) = (w).
We shall concentrate on " free nite substitutions and prove that the equivalence of two such substitutions on the regular language bf0; 1g c is undecidable. The undecidability of the equivalence problem is not trivial, since it is known that there are decidable special cases. For example, for nite pre x substitutions the equivalence problem on regular language is known to be decidable, see Karhum ki 2]. This follows from the fact that the monoid of all pre x codes is free and from the pumping property of regular languages. There also exists some other undecidability results on " free nite substitutions, see Turakainen 5] .
In the undecidability proofs we use the undecidability of the universe problem for the integer weighted nite automata.
Consider a (nondeterministic) nite automaton A = (Q; ; ; q 0 ) without nal states with the states Q, the alphabet , the transition function : Q ! 2 Q , and the initial state q 0 . A transition p 2 (q; a), where q; p 2 Q and a 2 , will also be written as (q; a; p) (in which case Q Q is regarded as a relation and sometimes also as an alphabet). Note that we allow only transitions that read a single letter.
Let (Z; +; 0) be the additive group of integers. An integer weightednite automaton A consists of a nite automaton A as above, and a weight function : ! Z of the transitions. To simplify the notation, we will write (p; (t)) 2 (q; a) We note that the model of nite automata de ned above is closely related to the counter automata. In our model the counter is replaced by a weight function of the transitions, and while doing so, the nite automaton becomes independent of the counter.
The next corollary follows from Lemma 1.1. We shall use it in the proof of the main result. Corollary 1.2. The universe problem is undecidable for an FA(Z) over binary alphabet.
Proof. We shall construct an FA(Z) B over a binary alphabet fa; bg from A over an alphabet such that L(B ) = fa; bg if and only if L(A ) = .
First we encode the alphabet = fa 1 ; : : : ; a n g to a binary alphabet. One such encoding is provided by (a i ) = a i b for a i 2 A.
Each transition in A is divided in a way that, for all q 2 Q, we have new states q 1 ; q 2 ; : : : ; q n and a transition function 0 of B is de ned so that 0 (q; a) = f(q 1 ; 0)g, 0 (q k ; a) = (q k+1 ; 0) for 1 k n ? 1, and, for all 1 i n, 0 (q i ; b) = f(p; z) j (p; z) 2 (q; a i )g. Clearly B accepts a word w 2 (A ) if and only if w is accepted in A .
Finally, we add a part that accepts the words in the regular language fa; bg n ( ). Clearly each regular language is accepted by an FA(Z) and FA(Z) languages are closed under union.
A special inclusion problem
In this section we prove the undecidability of a special inclusion problem. Further, let r = j minfz j 9(p; z) 2 (q; x) for some p; q 2 Q; x 2 f0; 1ggj; i.e. r is the absolute value of the minimal weight of the transitions in A . We write hk; x; z; ji for (q j ; z) 2 (q k ; x). 3 The equivalence problem
In this section we shall prove that the equivalence problem of nite substitutions is undecidable for the regular language b f0; 1g c.
The proof we present modi es the proof of Lisovik 4] . In the original proof Lisovik used the undecidability of the reliability of defense systems, cf. 3]. The undecidability of the reliability of defense systems has a long proof using the undecidability of a special inclusion problem for nondeterministic nite transducers over alphabet f0; 1g c , which also has a somewhat involved proof.
We shall use the undecidability of the universe problem for nite integer weighted automata over a binary alphabet. This model of an automaton is simple and the undecidability proofs for it are elementary. Theorem 3.1. The equivalence problem for "-free nite substitutions on the regular language bf0; 1g c is undecidable.
Proof. Let A = (Q; f0; 1g; ; q 1 ) be an FA(Z). We shall de ne two nite substitutions '; : fb; 0; 1; cg ! fa; bg such that ' and are equivalent on bf0; 1g c if and only if L(A ) = f0; 1g .
As in the proof of Theorem 2.1, let s = jQj + 1, for Q = fq 1 ; : : : ; q s?1 g, where q 1 is the initial state of A , and r = j minfz j 9(p; z) 2 (q; x) for some p; q 2 Q; x 2 f0; 1ggj:
We write hk; x; z; ji for (q j ; z) 2 (q k ; x), and de ne w, N and T x , for x 2 f0; 1g, as in (2.1). Further, for x 2 f0; 1g, de ne (ii) If n 1 and u 1 6 = w r+1 , then we show that there is a factorization such that u i = v i for 2 i n + 1 and u 0 u 1 = v 0 v 1 . For this, there are four subcases:
( to obtain u = v.
We have proved that if L(A ) = f0; 1g then '(L) (L). The undecidability follows from the undecidability of the universe problem for FA(Z) over a binary alphabet, Corollary 1.2.
In the previous proof we actually proved that it is undecidable, whether the inclusion '(x) (x); holds for all word x 2 . This also follows from Theorem 3.1.
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